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1. Introduction
Consider a linear nonautonomous differential equation on an interval I C R
x(t)=A@®x(), tel, (1)

where A:I — R4 is a continuous matrix-valued function. Let @ :I x I — R9*9 denote the evolution
operator of (1), ie. @(-,s)& is the solution of (1) such that @(s,s)§é =& for any s € I and & € RY.
A projection-valued function P:I — R9*9 is called an invariant projector of (1) if for all t,s € I

D(t,s)P(s) =P)D(t,s).
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Recall that for I =R, (1) is termed hyperbolic if it admits an exponential dichotomy (ED) [26], i.e. there
exist an invariant projector P:[ — R?%4 and constants o, B >0, K>1 such that for all t,s €I and
£ eRY,

[®, s)P(s)E|| < Ke™*|g|| forallt >s,
|® &, s)(id = P(9)g] < KePT9 ||| foralle <s.

The dichotomy (or Sacker-Sell) spectrum of (1) is defined by
Zdich(A) :={y € R: x=[A(t) — yid]x does not admit an ED}.

For linear skew-product flows the dichotomy spectrum was established in [23]. For system (1) with
I =R we have

Theorem 1. (See [26].) Assume that || (t, s)|| < Ke¥!t| for some K > 1, o > 0. Then the dichotomy spec-
trum Xgicn (A) of (1) is the union of at most d non-empty disjoint compact (possibly one-point) intervals,
called spectral intervals, i.e.

Xdich(A) = [a1,b1]U -+ - U [an, by,

where n € {1,...,d}. Associated with the spectral intervals are uniquely determined sets W1, ..., Wy C
R x RY consisting of solutions of (1) (linear integral manifolds) satisfying

W@ dW,=R x R%

For system (1) on a compact (finite-time) interval I = [t_,ty] there have been introduced sev-
eral hyperbolicity notions. In Haller [13], analytic criteria for the existence of finite-time uniformly
attracting and repelling material surfaces were provided. Motivated by this work the notion of
M-hyperbolicity was introduced in Berger et al. [6]. M-hyperbolicity is based on monotonic growth
and decay of solutions. Another finite-time hyperbolicity notion is based on the EPH-partition in
Haller [12,14], see also Duc and Siegmund [10,9], which was extended in Berger et al. [4] and called
dynamic partition. To distinguish the different hyperbolicity notions, Berger et al. [4,5,3] later named
a solution D-hyperbolic, if it is hyperbolic in the sense of the dynamic partition. Rasmussen [21] intro-
duced (t_, T)-dichotomies for T =t; —t_ which define a type of hyperbolicity for x = [A(t) — yid]x
for certain y € R which turns out to be closely related to finite-time Lyapunov exponents (cp. Re-
mark 3 and Theorem 24).

The paper is organized as follows: In Section 2 we define the new hyperbolicity notion (Def-
inition 2) and observe in Remark 3 some of its basic properties. For reference we also recall
D-hyperbolicity. Section 3 is split into three parts. The first subsection is devoted to a spectral
theorem based on finite-time hyperbolicity. The main result (Theorem 10) shows - similar to the
statement in Theorem 1 - that the spectrum is the union of at most d disjoint compact intervals.
It generalizes results in [6, Theorem 17], [21, Theorem 4.13] and [8, Theorem 12]. In the second
subsection the relation between the spectrum based on finite-time hyperbolicity and the dichotomy
spectrum (Theorem 11), as well as the notion of D-hyperbolicity (Theorem 15), is clarified. The
constant coefficient case X = Ax is treated as a special case (Corollary 13). The third subsection of
Section 3 addresses the issue of approximation of spectral intervals. Theorem 20 provides core in-
gredients for an algorithm to numerically compute the finite-time spectrum. In Section 4 we discuss
the established concept of finite-time Lyapunov exponents as a special case of finite-time spectrum
(Theorem 24).

We introduce some notions which are used in the paper. For a matrix M € R?*? let §;(M), ...,
84(M) denote its singular values.
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For a compact set J let | J| € Ng U {oco} denote its cardinality and
p())=_inf |x—y|
X, Y€, x#y

As usual, the Hausdorff distance between two compact sets I, ] C R is defined by

dy (1, J) :=max{d(, J),d(J, D}

with d(I, J) := supycinfyej [x — y|.
For j,deN, j<d, let Gj4 denote the Grassmannian consisting of all subspaces in R? of dimen-
sion j. We equip G ¢ with the following metric

dc:GjagxGjg—>Ryo, de(X,Y):=|mx —7myll,

where mx, my denote the orthogonal projections onto X and Y, respectively. (G 4,dc) is a compact

metric space (see e.g. [7]). We denote by G4 := U‘}Zl Gj 4 the set of all non-trivial subspaces of R4,
Note that in [4,8] D-hyperbolicity is studied for J =1=1[t_,t;].

2. Finite-time hyperbolicity
We define a new finite-time hyperbolicity notion for system (1) w.r.t. a compact subset | C I.

Definition 2 (Finite-time hyperbolicity). Let RY be endowed with an arbitrary norm | - || and J a com-
pact subset of I with |J| > 2. System (1) is called finite-time hyperbolic with respect to the norm || - ||
and the set | if there exist an invariant projector P and constants «, 8 > 0 such that for all t,s € J
with t>s

@, & <e D &|| forallé eimP(s),

@, s)E]| =P )&| forall & € ker P(s).

Remark 3. (i) Let J and 7 be two compact subsets of I such that 7C J. Assume that system (1) is
finite-time hyperbolic with respect to J. Then (1) is also finite-time hyperbolic with respect to 7

(ii) Suppose that J = {t1,...,t} C I, where t; <t; < --- < ty. Then system (1) is finite-time hy-
perbolic with respect to J if and only if there exists an invariant projector P such that for each
ie{l,...,k—1} we have

|®(tizr.t)E| < | @i t)E| forall & €im P(ty) \ {0},
[®tisr, t0)E| > || @ (i, t1)E|  forall & € ker P(¢1) \ {0}.

For k =2 we get as a special case the definition of nonhyperbolic (t1, t; — t1)-dichotomy as in [21].

(iii) In Section 4 we introduce finite-time Lyapunov exponents for system (1) given on [ =[t_,t,].
All finite-time Lyapunov exponents of system (1) are non-zero if and only if (1) is finite-time hyper-
bolic with respect to J ={t_,t+} (see Theorem 24).

To conclude this section, we recall the notion of D-hyperbolicity which is a sufficient condition
for M-hyperbolicity [8, Corollary 22] (for more details see also [4,8]). For this purpose we consider
system (1) and assume additionally that A:I — R9*? js differentiable and that the norm in R? is
induced by a symmetric positive definite matrix I" € R*4, ie. |x|| = /X, T'x) for x € RY. The sym-
metric matrix
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1 T
Sr(@t) = E[1“A(t)+A(t) r (2)

is called the I'-strain tensor of Eq. (1) and describes for an arbitrary solution &:1 — R? of (1) the
instantaneous change of %HSHZF by

1d 2
5316017 =E®, Sr©sO).

Thus the I'-strain tensor describes growth and decay of solutions & of (1) with respect to the
|l - || --norm. Clearly, all non-trivial solutions of (1) are strictly decreasing or increasing with respect

to the || - ||/-norm if S (t) is negative or positive definite, respectively.
The set

Zr© =g eR": (£, 5 (0E) =0}
is called the zero I"-strain set of Eq. (1). It is a non-trivial cone if S (t) has both positive and negative

eigenvalues. To describe the dynamical behavior of solutions of (1) starting in the set Z(t), one
defines the so-called I"-strain acceleration tensor

Mr (@) :=Sr@®) + SrOA®R) +AW) " Sr(@),

which satisfies %5‘722 ||§(t)||2F = (&E(t), M (t)&(t)). The restriction of the quadratic form & +— (&, M (t)€)
to Zr(t) is denoted by Mz, (t). Based on [4, Definition 2.4] we say that for a compact set J C I

system (1) is D-hyperbolic on ] if Sy (t) is indefinite and non-degenerate, and Mz,.(t) is positive
definite for all t € J.

Similarly, (1) is called D-quasi-hyperbolic or D-elliptic if Mz, (t) is negative definite or indefinite, in-
stead of positive definite, respectively. System (1) is called D-attracting or D-repelling on | if Sp(t) is
negative or positive definite, respectively, for all t € J.
3. Finite-time spectrum

For y € R, we consider the shifted equation

x(t) = [A@t) — yid]x(t), (3)

and denote its evolution operator by @, :1 x I — R?%4_ Note that Dy (t,s) = e V=9t s) for all
t,sel.

Definition 4 (Finite-time spectrum). Let R? be endowed with an arbitrary norm || - | and J a compact
subset of [t_, t4]. The finite-time spectrum of (1) with respect to J and | - || is the set

2i(A) = {y € R: Eq. (3) is not finite-time hyperbolic w.r.t. J and || - ||},

and the complement p;(A) =R\ X;(A) is called finite-time resolvent set of (1) with respect to |
and || - |.

In the next part of this section, we establish a spectral theorem which characterizes the finite-time
spectrum by extremal growth rates. Later, we formulate some asymptotic and instantaneous aspects
of the finite-time spectrum. The remaining part is devoted to present an approximation result for
finite-time spectral intervals.
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3.1. A spectral theorem for finite-time differential equations

Definition 5 (Growth rates). Let X € G4 and ] a compact subset of I. Set t; := min J. We call

A(J, X) :=sup{a e R|VE € X:t > e || d(t, t1)| is increasing on ]},

and

*(J, X):=infla e R|VE € X:t > e || P(t, t1)& | is decreasing on ]},

respectively, the lower and upper growth rate of X (or the integral manifold induced by X) with respect
to J. We extend the definition by A(J, {0}) = +o00 and A(]J, {0}) = —o0 in a natural way.

In the case that J is finite, explicit expressions for the lower and upper growth rates of an X € G4
are given as follows.

Remark 6. Let X € G4. Suppose that | ={ty,...,t,} C I, where t; <ty <--- <t. Then

1 o 1D (tiy1, t)E]

A(J,X)= inf min g ,
gexnsd-1 iefl,..k=1} tip1 — tj P (t;, t1)E

- 1 D(tiy1,t

RU.X) = sup max 1D (titq 1)-§||.
gexngd-1 i€l k=1) tiz1 — ¢ @i, t1)El

We now introduce the notion of extremal growth rates which play an important role in determin-
ing the spectrum.

Definition 7 (Extremal k-dimensional growth rates). For k € {0, ..., d}, the numbers A% (J) and A® ()
defined by

A0 ()= sup (J,X), and x®()):= inf A(J,X), (4)
XeGyg X€Gid

are called, respectively, the maximal k-dimensional lower growth rate and the minimal k-dimensional
upper growth rate of (1) with respect to the compact set ] C I. Note that A9 (J) = +oco and
1@ (J) = —o0, according to Definition 5.

The question if there exist subspaces realizing the maximal lower and minimal upper growth
rates arises naturally. In order to answer this question we introduce the following functions: For each
k €{0,1,...,d}, the lower and upper growth rate functions A® (J,-), 2% (J,): G g — R are defined
by

A 00X =20,%, A0, X) =K, X).

Lemma 8. For each k € {0, ..., d} and compact set | C I, the lower growth rate function A®(J, -) is upper
semi-continuous and the upper growth rate function 2% (J, -) is lower semi-continuous.

Proof. Analogous to the proof of [8, Lemma 7]. O
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Remark 9. (i) Lemma 8 in combination with the compactness of the metric space (G q,dg) implies
that there exists X € Gg 4 such that A(J, X) = A®(]). We also say that X realizes the maximal lower
growth rate A®)(J). Similarly, there exists Y € Gk,g realizing the minimal upper growth rate 2O,

(ii) The subspaces realizing the maximal and minimal growth rates need not be unique, see e.g. [6,
Example 27].

The dichotomy spectrum of system (1) for I =R is the union of at most d disjoint, non-empty in-
tervals and in case the solutions are exponentially bounded those intervals are compact (Theorem 1).
The following theorem states that for system (1) on an arbitrary interval I C R the finite-time spec-
trum with respect to an arbitrary norm and a compact set ] C I has the same property. Moreover,
based on the maximal lower and minimal upper growth rates an explicit expression for X; is given.
This result generalizes [6, Theorem 17], [21, Theorem 4.13] and [8, Theorem 10].

Theorem 10 (Finite-time spectral intervals). Let | be a compact subset of I and RY be endowed with an
arbitrary norm. The spectrum X;(A) of (1) is the union of at most d disjoint, non-empty intervals (called
spectral intervals), i.e.

(A = | lac, bel,

=1

wheren e {1,...,d} and —oo < ay < by <az <by <--- <ap < by < +00. Moreover, let A := {ip, ..., in},
0=1ig < --- < in =d, be the set of all indices j € {0, ..., d} satisfying 29 (J) < 1@=D (). Then, for each
ke{l,...,n}

ap =290, be=2W()).

Proof. Set t; := min J. By (4) and Definition 5, the sequence of minimal upper growth rates
decreasing. Furthermore, for each k € {0, ...,d} one has A@=*+D () <X® (). As a consequence, we
get for £ £k

A0, 247 () 0 (KW (), 297 () = 0. (5)
We now show that
py(A) = [ JE® (), 2470 ())). (6)
k=0

For this purpose, let y e (A0 (J), ,@=)([)) for some k € {0,1,...,n}. Consider the corresponding
shifted equation

x(t) = [A@t) — yid]x(t). (7)
By (4), there exist subspaces W and W, of dimension i}, and d — i, respectively, and « > 0 such that
MW <y —a,  AMJ,Wy) 2y +a.

Therefore, the function t > e~V =@ (t,t1)E| = e ||y, (t,t1)é|le"7"" is decreasing on J for all
& € W;. Similarly, the function

e CICUIE Bl LG g
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is increasing on ] for all £ € W,,. Thus, system (7) is hyperbolic with respect to the set J. Conversely,
let ¥ € pj(A) and suppose that system (7) is hyperbolic with respect to the set J with an invariant
projector P:I — R%*? Then there exists « > 0 such that for all t,s € J with t >s and all £ € ker P(t)

[y @8] = e @y .08 .

Consequently, A@9(J) > A(J, ker P(t1)) > a + y, where k := dimim P(t;). Similarly, we get A% (J) <
y —a. Thus y € A® (), A4=0(J)) and hence (6) is proved. This together with (5) implies that

n

=34 =R, 200,

=1
which completes the proof. O
3.2. Relation to dichotomy spectrum and D-hyperbolicity
In this subsection we study the dependence of X;(A) on J C I. In the first case we investigate
the asymptotic relation of X;(A) to the dichotomy spectrum Xyich(A) on I =R by increasing p(J) to
infinity, in the second case we decrease p(J) to zero and get a relation of X';(A) to the instantaneous
growth rates of solutions described by the I'-strain tensor S (tp) which is used for the definition of

D-hyperbolicity.

Theorem 11 (Relation to dichotomy spectrum). Suppose that system (1) is defined on the whole real line R
and its evolution operator @ (-,-) has bounded growth, i.e. there exist K > 1 and o > 0 such that ||® (¢, s)| <
Ke*™=s! for any t,s € R. Let (Jm)men be a sequence of finite sets, i.e. | Jm| < oo for each m € N, such that
limp— 00 p(Jm) = 00. Then

lim d(X}, (A), Zaich(A)) =0, (8)
m—oo
where Xg4ich (A) is the dichotomy spectrum of (1) on R. Furthermore, if X4ich (A) is a discrete set then
lim dy (X}, (A), Zgich(A)) =0.
m—oQ
Proof. According to Theorem 1, the dichotomy spectrum of (1) on R has the following form
Zaich(A) = a1, b1]U---Ulan, bnl,
where n e {1,...,d} and a; < by <--- <ay < by. Choose & > 0 such that ¢ < w for each k e

{1,...,n—1). Then there exist integral manifolds Wi, ..., W, C R x R? with EBQ:] W, =R xRY and
a constant K > 1 such that forall ke {1,...,n}and t >s

o 9] > e De) forans e Pwics) (9)
=k
k
| @t 9| < Ke® DI g forall & € D Wes). (10)
=1

For ¢ e€{1,...,n} let d; :=dimWW, and i} := 212:1 de, then in = >")_; d¢ = d. Since limm_ 00 p(Jm) =

oo there exists N(¢) € N such that |:f5:)| < % for all m > N(¢g). Choose m € N, m > N(¢), and let
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Jm ={t1,...,tg} with t; <--. < tq. By the nesting property of the growth rates, shown in the first
part of the proof of Theorem 10, the assertion is proved if we can show that for any k € {1, ...,n} we
have

@ =5 <20 () and 20 (J) bt 5 ()

To this end, let X = EBZ:k We(t1) € Gg—ij,_,.¢ and & € XN&4-1, By (9) we have forall pe(1,...,q—1}

1 1P tpt1. tDEN 1 1P (tp+1,tp) P (tp, t1)E]]
tp+1 _tp ||¢(tp,t1)'§|| tp+1 —tp ||¢(tp,t1)§||

1 e(ak_%)(thﬂ—fp)

> log

tp+1 —tp K

e logKk

a5 -
4 p(Jm)

>aq &

= Uk 5

By virtue of Remark 6 and Definition 7 we get that
€ (d=ir_1)
ak—igé(X, Jm) <257V (m).

Similarly, we have A0 < by + § for k€ {1,2,...,n} and (11) is proved. Combining (11) and Theo-
rem 10, we obtain

d(XZ}, (A), Zdicn(A)) <

’

N| ™

which proves (8). In the special case that Xgcn(A) is a discrete set, we have a; =b; fori=1,...,n.
Hence, when we replace the semi-distance d by the Hausdorff distance dy in (8) then this statement
remains true. The proof is complete. O

The following scalar system provides an example for the fact that if we replace the semi-distance d
by the Hausdorff distance in (8), then this statement is in general not true.

Example 12. Consider the following linear nonautonomous scalar differential equation

2
x(t) = [sin(ln(l +%)) + 12_i 2 cos(In(1 + tz))j|x(t). (12)

The associated evolution operator is given by
o(t,s) = etsin(ln(1+t2))—ssin(ln(l-ﬁ-sz)) forallt,s € R.

Then the dichotomy spectrum is given by Xgich = [—1, 1]. Define ] := {—m, m} for each m € N.
Clearly, limy;—, o0 0(Jm) = co. By virtue of Theorem 10, the finite-time spectrum X, is a singleton set
given by

X

m

= {% log® (m, —m)} = {sin(In(1 +m?))} forallmeN,
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which proves that

forallm e N.

N =

dy (Zdich, X)) =

In the special case of an autonomous system x = Ax with A € R?*¢ the dichotomy spectrum con-
sists of the real parts of the eigenvalues of A, i.e. Xgich(A) = Re[o(A)] := {Re(A): A € 0(A)} where
o (A) denotes the spectrum of A (see e.g. [23,26]). The finite-time spectrum of x = Ax w.r.t. a com-
pact set J C R does not necessarily coincide with Re[o (A)]. In [21], however, it is proved (cp. also
Remark 3(ii) for the relation between the hyperbolicity notion suggested in [21] and ours) that for
t, T € R and the two-point set | ={t, T}

TangodH(E{t,T](A)s Re[(f (A)]) =0.

As a corollary to Theorem 11 we can extend this approximation result to the finite-time spectrum of
X = AX.

Corollary 13 (Relation to real parts of the eigenvalues). For A € R9*? consider the autonomous system
x(t) = Ax(t).
Let (Jm)men be a sequence of finite sets such that limp,_, oo p(Jm) = . Then,

lim_dyy(2),,(A), Re[o (4)]) = 0.

The remaining part of this subsection is devoted to relate X, (A) for p(J) — 0 to the instanta-
neous growth rates of solutions described by the I'-strain tensor (2) which is used for the definition
of D-hyperbolicity. For this purpose, we need the following preparatory lemma which relates the evo-
lution operator @ (t, s) of (1) for a given | - || /-norm to its I"-strain tensor. Recall that §,(M) denotes
the k-th singular value of a matrix M, which is identical to the k-th eigenvalue in case M is symmet-
ric.

Lemma 14. For any tq € I the following statements hold:

(i) For any & € R%\ {0}, we have

1 12, )ENr _ (&, Srto)é)

lim log =
ts—to £ —S HR 1%

(ii) Forany k € {1,...,d}, we have

. 1 _1 T _1 _1 _1
lim ——logd (I 2&(t,s) I'd(t, ) "2) =28(I"2Sp(to) "~ 2).

t,s—>tot — S

Proof. (i) Integrating Eq. (1) yields @(t,s) = id + fStA(u)cD(u,s) du, and one has @(t,s) = id +
(t —s)A(tg) + fst A()®(u,s) — A(to) du, such that

&(t,s)=id + (t —s)A(tg) +o(t —s) ast,s— tg.
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Consequently, we obtain that

. 1 o, s)élr . 1 (D(t,5)8, I'DP(L,5)E)
lim log = lim log
ts=tot—s &l r ts—to 2(t — ) (€. T°§)
,Sr(t
= lim 10g<1+2(t_5)<$1"7(20)$> +0(t—s))
ts—to 2(t —5) I3y
(6,51 (t)8)
R
(ii) Using the Courant-Fischer Min-max Theorem (see e.g. [11])
1 1
,72Sp(to) ™2
(Sk(F_%SF(tO)F_%) = max min € r(to) §)
XeGyq £€X\(0) (.8
(&, Sr(to)§)
= max min —————.
XeGya £€X\(0} (5, 1'§)
Let Xy € Gk 4 such that
,Sr(t
5 (M 2Sr(to)M™2) = mi & 3rt)d)
seX\oy (6, T°§)
Similarly, using the Courant-Fischer Min-max Theorem we also have
1D, S)ENT-

1 1
log & F_fdﬁ(t,s)—rl“cb(t,s)l“_i = max min log
4 ) XeGra £€X\(0) IEN2.

Consequently, we have
logsi (I 2d(t,5) T (t, ) 7) = —log & (I 2 (s, 0) I (s, t)""2)

and

’

_1 _1 . @, )&l r
logsu (M 2@(t,s) F'dt,s)I"2)>2 min log—— 2%
(( ) £€Xi\(0) Il r

which together with part (i) implies that

1
liminf —— log& (M2 @ (t,5) T I (t,5)?)
t,s—>to t — S

1
= liminf —— log& (I 2&(t,s) I'd(t, )" 2)

t,s—tg,t>st —§

1 d(t,s
>2 liminf min lo 1P, 9)ENr
(5=t 25 EEXNO =5 HE

1 @(t,s
>2 min liminf lo 1P, 9)ENr
£eX\{0} t,s—>to, t>st — S HE

>28(I 1S (t) ™ 2).
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On the other hand, using the Courant-Fischer Min-max Theorem we have

1 N (§,Sr(to)§)
(I Srtor )_Xengﬁ,d cex\or (€ TE)

Let Xg_k € Gg_k.4 such that

(&, Sr(to)é).

1 -3
(=28l 2)=$exd_k)§{0} (£, 1°§)

In view of the Courant-Fischer Min-max Theorem and (i), we get

1
limsup — logé (I r2a,s) rosr?)

t,s—to -

= limsup —1og5k(rficb(t T rof, s)r”)

t,s—>tg,t>s

1 Ot,s) o
< limsup  max log (&, D(t,s) (t,s)&)
t,s—to, t>s £€Xq_\{0} £ — S (€, T'&)

1 D, )&l r
<2 max limsup lo
E€Xgk\0} t,5—tg, t>s L — I&1r

=282 S (to) I 2).

Hence,

1
lim —log8/<(F_7<D(t ot )0 2) =28(I"2S (ko) 2),

t,s—>to t
which completes the proof. O

Theorem 15 (Relation to I'-strain tensor). Let RY be endowed with || - || --norm, where I' is a symmetric
positive definite matrix in R4*4. The following statements hold:

(i) Let J be a compact subset of I and t € I an accumulation point of J. Then, for all k € {1,...,d} we
have

2O <8(rispor2), A0y 84 (I 3SpOr2).

(ii) Let (Jm)men be a sequence of compact subsets of I with | ]| > 2 for each m € N which converges to
to € I, i.e. limpm— oo dy(Jm, {to}) = 0. Then in the sense of Hausdorff distance one has

lim S(Jm) = [(81(F2Sr(to) M 2), ..., 84(I 2 S (t) I 2) ).

Proof. (i) Define t; = min J. Since ¢t is a limit point of J, there exists a sequence (t;)neny C J such
that

lim t; =t and |tp41 —t|<|thy —t|] forneN.
n—-oo
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Fix k € {1, ...,d}. From Definition 7, we derive that
20 <A ({tn. tag1}) forallneN, (13)

By virtue of Remark 6 and Definition 7, we have

1 D (the1,t
19 ({tn. trs1)) = sup _inf log 1P (Ent1 1)€||1".
XeGy g E€X\0} tny1 — by |1D (tn, tENI

To simplify the notation, define M := I'"2 ® (o1, tn) | I'® (tas1. ta) "~ 2. Let X € Gy g be an arbitrary
subspace of dimension k and &1, ..., &5 denote the eigenvectors of M corresponding to the eigenvalues
81 (M), ..., 84(M), respectively. Since dim X = k it follows that there exists a non-zero vector & such
that I'2& € ®(ty, 1)~ X N spanfky. ... &). Thus, I'2& is of the form I'2& = oy + -+ + agéq with
ot,f + -+ 055 # 0. Consequently,

1 I (tns1, tn)E |2
&(k)({tn’ tn+1}v X) < = 211 =
2(th41 — tn) &N
~ 1 YL S (M I& 13
2(tny1 —tn) > o2 E 3

< o—— log&(M),
Z(tn-H - tn)

which together with Lemma 14 and (13) proves that
20 <8 (r2sporz).

Similarly, we have A% (J) > S4_1(F~2Sr(¢)~7) and the proof of part (i) is complete.
(ii) According to Theorem 10, it is sufficient to show that

lim % (Jm) = (I~ 2Sr(t) 7 2). (14)
m—o0
For this purpose, we choose X = r-: span{&q, ..., &}, where &1, ..., &; are eigenvectors of the matrix

F_%Sp(t())r_% corresponding to eigenvalues Bl(F_%Sp(to)F_%),..A,Sd(l’_%Sr(to)F_%), respec-

tively. According to Lemma 14(i), for all £ € X \ {0} we obtain

i 1 @ )Ellr (5, Srto)s) (F3E, 3Sp(t) ™3 T2¢)
im lo = 3 = i 1
ts>tot —S$ &0 r &7 (I'28,I'28)

> 8(I™3Sr(to) M%),

this implies together with the fact that limp— o dg(Jm, {to}) = O that there exists N € N such that for
all m > N the following inequality

1 (]
log @, )§lr

t—s &lr

>8(M 25 (t)~2) — ¢
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holds for all t,s € J;; and & € X \ {0}. This together with Definition 5 gives that

2® () > 8(M™2Sp(t) ) —& forallm> N.
This together with part (i) proves (14) and the proof is complete. O

3.3. Approximation of the finite-time spectrum

In view of Theorem 10 to compute the finite-time spectrum of a given nonautonomous differential
equation we need to compute the extremal growth rates associated with this system. The rest of
this section is devoted to provide a general approximation scheme to compute these extremal growth
rates. For this purpose, we need to prove the following things:

1. The extremal growth rates of the discretization converge to the ones of the given system (for
converging time-sets), see Theorem 17.

2. The extremal growth rates of the approximation of the evolution operator converge to the exact
extremal growth rates (for converging approximation error), see Theorem 19.

Before we state and prove the convergence results listed above, we discuss in the following remark
an explicit bound of the finite-time spectrum.

Remark 16. For all t,s € [ using the variation of constant formula @(t,s)é =& + fst AP (u, s)édu,

we obtain ||®(t,s)E| < €] +afst [|®(u, s)&|| du, where a := max;¢; ||A(t)||. Using Gronwall’s inequal-
ity, we get that for all t,s eI

|o@ 9] <e g, & eRrY
which also implies that for all t,s €I

|o@ 9] e g, & er™
Therefore, X';(A) C [—a, a] for all compact subsets J C I.

Theorem 17. Let | be a compact subset of I. Let (Jm)meN be a sequence of compact subsets of | satisfying
limpm 0o dyg(Jm, J) =0. Then, forall j € {1, ...,d} we have

lim A9 (Jm) =29()) and  lim 29 (Jm) =29()). (15)
m—o0 m—oo
Consequently,

Jim dy (2}, (A), Z;(A)) =0.

Proof. Define

t;:=minJ, and tgm) :=min J; forallmeN.

)

From limpy— o0 dg(Jm, J) =0, we derive that limy;_, o tim =ty. For each m e N, since |, C ] it follows

together with Definitions 5 and 7 that

AP =29 and 2D (Jm) <2O()).
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Hence, to obtain (15) it is sufficient to prove that for all j € {1, 2,...,d}

limsup i (Jm) <2P(J) and Liminfi (Jm) > 29 (). (16)
—00

m—oo

For this purpose, let (Xm)men be a sequence in Gj 4 satisfying A(Jm, Xm) = 2D (Jm) =: atm. Suppose
there exists § > 0 such that o := A9 (J) < limsup,,_, ., o — 8. Taking subsequences, if necessary,
we assume that limy_ 00 Xm = X € Gj 4 and limp_ o @m > & + 8. Choose arbitrary s,t € J with
s<tand & € X\ {0}. By limy— oo dy(Jm, J) =0 and limy— dg (X, Xm) = 0, there exist sequences
(Sm)meN, (tm)meN, (Em)meN Satisfying Sm, tm € Jm With sy < tm, &m € Xm and

lim s, =s, lim t, =t, lim &, =&.
m—oo m—o0 m—o0

By Definition 5, we get for all me N
@ (tm. 657)&m | > e = | (s £ )& |
In the limit for m — oo we get
|, tn)E] =@t | b (s, 1)E|,
which implies together with Definition 5 that A(J, X) > o+ and contradicts to Definition 7. Similarly,
we have liminfy_ oo A9 (Jm) = 20 (J) for each j e {1,...,d}. So, (16) is proved and the proof is

complete. O

We now provide an example to illustrate that the condition that ] is a subset of J for all me N
is necessary in Theorem 17.

Example 18. Consider the scalar differential equation on [0, 1]

x(t) = a(O)x(t),

where a:[0,1] — R is a continuous function. Set J := {0,1} and Jn := {0,1 — 1,1}. Clearly,

m
limp— 00 dy(Jm, J) =0. An elementary computation yields that

1

Y@= {/a(t)dt},

0
1 1

mlem (@)= [min:/a(t) dt,a(l)},max{fa(t)dt,a(l)”.

0 0

Thus, if fol a(t)dt # a(1) then limp_ oo dy (X, X,,) # 0. An explicit function a satisfying this condi-
tion is a = id[oq]].

Theorem 19. Consider system (1) on a compact interval I C R. Let | = {t1, ..., ty} witht; <ty <--- <ty be
a subset of 1. Set

a:=max|A()|
tel

, A:= min tjy —t;, T:=ty—t_.
ie k—1}
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Let W3, ..., W, € R4*4 be invertible matrices, set W1 = id € R4 For j € {1, ..., d}, we define
6) . - - 1 [¥ipa& |l
A (J):= sup inf min log (17)
APprox XeGjq §eXNSi=1 ie(l o k=1} tiyg — il
and
=(j , 1 Vil
€)) i+1
A (J):= inf sup max log . (18)
approx X€Gja gexngd-1 i€{lik=1) Lip1 — L |||

Lete > 0and 8 < e~ min{}, §}. Then
[Wn — @ (tn. t1)|| <8 foreachne(2,... .k} (19)
implies
hprox (D =29 (D] <& and  [Aipox () — 2P| <. (20)
Proof. Let £ € S1, ie{1,...,k—1} and € > 0. Using (19), we obtain that

1P i1 tOEN I8l PG, SN [l
@i, t)El ¥l I¥ip1&l @i, t)& |l
12 (tia, tDEl log 12 (Ei- t)E 1 +8

Eloti. el —8 8 ot tE]

X

By virtue of Remark 16, we get that ||® (t;, t1)&]| > e 9Gi—1) > e~T  Hence,

I (tiv1, S ¥is16 1l 8 8
log —log Llog{ 1+ ——— ) +log| 1+ —= ).
1P (i, t)E |l il e T -3 e—al

Consequently, for all je{1,...,d} we get

; i 1 ) )
A(])(]) _ &g{))prox < Z[log(l + m) + log(l + F)]

By using the obvious inequality log(1 + x) < x for all x € [0, c0), we obtain

0 B e 3T
A (])_&approng m-l-] < A s <e,

for § < geT min{%, %}. The above argument applies equally well when interchanging @ and ¥, such
that we get

|A(j)(.]) - &;(a{))prox <&

in case of (19) with § < ee~9T min{%, %}, which proves the first part of (20). Analogously, we get the
second part of (20) and the proof is complete. O

By combining Theorems 17 and 19, we are now in a position to state our final approximation
result for the extremal growth rates.
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Theorem 20. Consider system (1) on a compact interval I C R, let ] C I be compact, € > 0 and set a :=
maxec; |A) || and T :=t4 —t_. Let (J;m)meN be a sequence of finite subsets of | with limp—.cody (I, Jm) =0,
where | Jim| =k, Jm = {t—,tm2, ..., tmky ) Am = p(Jm) and &y = 3Aeg} &. Foreachm e N let ¥, 2, ...,
Wi k,, be em-approximations of @ (tm2,t-), ..., D (tmk,,t-) in the sense of (19). Then the following limit

inequalities hold:

20 = Tim o Um)|, [0 = lim A preJm)| <&

Theorem 20 provides an approximation result for the spectral growth rates A(J) and 2@ ()) if
J is approximated by J;; and the evolution operator @ is only available approximately. For a numeri-

cal implementation one needs to also address the question of computing the growth rates &g{ﬁpmx( Im)
and Xg{;pmx( Jm). The following remark provides the answer of this question for planar systems which

are endowed with the Euclidean norm |- || = - |liq and J; consists of equidistant grid points.
Remark 21. Consider Theorem 19 for d = 2 with approximating matrices ¥, ..., % € R2*2 35 in (19)
and the points in J = {tq,...,t,} are equidistant. To compute Ag,)pmx( J) and X;{,)pmx( J) using for-

mulas (17) and (18), we first observe that if there exist i, j € {1,...,k — 1}, i # j, such that for all

2 ; 1 Wisiélla _ 1 1¥j+1€ 112
& € R°\ {0} the equality A log WiEl, = ft; 108 wE, holds, then one can w.l.o.g. remove

either i or j from {1,...,k — 1} without changing the value of (17) and (18). Hence we can assume
that for each i, j € {1,...,k — 1}, i # j, there exists £ € R?\ {0} such that

1 1 1¥it1§1l2 1 1 1¥jt16 12
tiv1 —ti 1%i& |2 tit1 —tj 1%l
; ; : Wil _ I1¥i+1€1l2
Under this assumption, the equation log T, = log —L* can be solved as
i€ll2 [EZ3P

Wi E131WiE115 — Wj+1&lI511%& 115 = 0.

As a consequence, the set

k-1
1 ¥ 1 '
M= | {g ey log 141812 _ log ! J+1E||2}
T it tiy1 —ti 1¥i€ |2 tjiv1 —tj 1¥;€ll2

contains at most 4(k — 1)(k — 2) elements. Define

. 1 v;
yo—max  min 1911
seMie{l,.. .k—1} i1 — & Il
_ 1 VA
A= min max lo %18 .
geMiel,..k=1} tiy1 — & 1wl

Let
Jo={ielt, ok 51 (W) £ 5w )]
For j e J* define & j,& ; € R? with l€1, ;1 = ll&2, 1l =1 such that

| e, =01, @i g ], =6,
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Using the fact that

| A& 1|2
gest 15112

=61(A),
we observe that for j e J* the unique vector & with [|¥;&|]; =1 which solves the optimization prob-
lem

1 v
max 1¥j+1&1l2
gest tjp1 —tj [¥iéll2

is given by & = lI/j_léLj. Analogously, the unique vector & with [|¥;&|l; =1 which realizes the opti-
mization problem

) 1 1¥j+1&ll2
min
gesttirr —tj |¥iéll2

is given by & = wfgz,,-. These facts, together with a simple but technical computation, lead to the

following formulas to compute Aé{,)pmx( J) and X;{,)pmx( D:

e Computation of &g},},rox( D:

-1
1 1Pi1 ¥ &1jll2
A;(a}:)prox(]) = max{&, max min log _Jl ! }
jeJ* i=1,..k—1tipt1 — ||lpil[/j gl,j”Z

e Computation of X{pprox ()):

1) (- 1 W19 82,12
Aapprox(J) =min{ A, min ~ max log ~ .
jeJ* i=1,..k—=1tiy1 — tj 1% &2, 5ll2

e Computation of &g},mx( D:

2 . 1 _
&gp)prox(]) = i=1n}¥rll<71 m log 82 (¥i11Y; 1)-

e Computation of X55prox ()):

_ 1
2 _
)‘e(lp)prox(]) = _max Pp— log 81 (¥it1¥; 1)-

4. Finite-time Lyapunov spectrum

In the previous section, we established a general theory for finite-time spectrum with respect to
an arbitrary norm and an arbitrary compact time-set. Now we are dealing with the special case that
the state space is endowed with the Euclidean norm | - |2 = | - |lig and the compact subset | C I
contains only two time-points, i.e. J = {t_,t;}. Our aim is to show that the finite-time spectrum in
this special case coincides with the finite-time Lyapunov spectrum. We refer the reader to [19] for
an illustration of the importance of finite-time Lyapunov exponents in detecting Lagrangian coherent
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structures on finite-time intervals, e.g. in fluid dynamics and oceanography, cf. also [24,15] and the
references therein.

We do not intend to recall the general theory of classical Lyapunov exponents for nonautonomous
linear differential equations, but to motivate the definition of finite-time Lyapunov spectrum, let us
have a rough look at this classical concept for certain nonautonomous linear differential equations (see
e.g. [1,18,22] for more details on so-called regular systems). Consider system (1) on the unbounded
interval I = [0, 00). Let the following d x d matrix

1
A= lim (®(t,0)" @(t,0))%
t—o00

exist. Then the classical Lyapunov exponents are the logarithms of the eigenvalues of A. The set of all
Lyapunov exponents is called Lyapunov spectrum.

As a possible adaptation of the concept of Lyapunov exponents to ODEs (1) on a compact time-set
I =[t_,t4], the finite-time Lyapunov exponents can be defined as the numbers in the set

ZFLE, [t 0,1 (A) == [t logVa: A€o (D(ty,t) D(ty, r,))}, (21)

which we call the finite-time Lyapunov spectrum of (1) on the interval I. For precursors of the finite-
time Lyapunov spectrum Xrrig,[t_ ¢, ](A) see e.g. [20,16] for the largest and the smallest finite-time
Lyapunov exponent, formulas (8) and (9) in [15] and the numerical approach in [17].

Remark 22. By the fact that eigenvalues depend continuously on the entries of matrices, we obtain
that for ty — oo the finite-time Lyapunov spectrum Xerig ¢, ](A) tends to the classical Lyapunov

spectrum provided that the limit lim;_, oo (®(t, 0) T & (¢, 0))% exists.

An alternative approach to Lyapunov spectrum is based on the fact that the maximal growth rate
of a k-dimensional infinitesimal volume is the k-th Lyapunov exponent (see e.g. [2,25]). In this section,
we prove this analog relation between finite-time maximal growth rate and the finite-time Lyapunov
spectrum defined as in (21). To formulate and prove this result, we consider system (1) on an in-
terval I D [t_,t4+] and compute explicitly the maximal and minimal growth rates with respect to
.’ = {t—s t+}'

Proposition 23. Consider system (1) on the interval I. Suppose that R? is endowed with the standard Euclidean
normand | ={t_,t;} C I.Let 8, < --- < &1 be the singular values of @ (t, t_) and d; the multiplicities of §,
je{l,...,n}. Thenforall j € {1,...,n} we have

- :
A0y = 0 1t_ logs; forall :Z]dg <k< ;Zldg, (22)
and
B 1 n n
A(k)(]) = s logs; forall ;jdg >k > l_§_1 de. (23)

Proof. Let @(t,,t_) = VDU be a singular value decomposition, i.e. U, V are orthogonal matrices
in R4*d and

D:diag(81,...,81,82,...,82,...,8m,...,8m).
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Let ke {1,...,d} and j e {1,...,m} satisfy that Zé;} de <k < Ziﬂ de. Our aim is to show that
A0y = #logsj. For this purpose, we set X :=span{U~leq,..., U le,}, where {eq,...,eq} de-

notes the standard basis of RY. By virtue of Remark 6, we get

AT, X) = inf log|®(ts,t_)E| = inf log|DUE].
[y —t_ gexnsd-1 ” * ” L —t_ gexnsd-1
For each & € X NS%1 we have U¢ = lef:] agey for some aq,...,ar € R and Z?:] oziz = 1. Hence,
we have
dy di+dy k
2 2 2 2 2 2
log|IDU&| =log |83 af+83 > a?+-- -+ > o
i=1 i=d{+1 i=dy+-+dj_q1+1

> logé;.

Therefore, A®(J) > A(J, X) > ﬁlogsj. Now let Y € Gpg. Then, M := Y N span{U'eq,...,
U~'eq,4..td;_, 11} # {0}. We choose & € M N 891 such that Ug = Z?:d1+---+dj,,+1 aje; with
Z?:d1+-»<+dj,1+1 o? = 1. Similar to the above estimate, we get log[|[DUZ|| < logé; and hence 2% (J) <
[++t_ log ;. So (22) is proved. Similarly, we also have (23) and the proof is complete. O

Now we are in a position to state and prove that the general notion of finite-time spectrum de-
veloped with respect to the set containing only the starting and ending times coincides with the
finite-time Lyapunov spectrum. It is an improvement of the spectral theorem given in [21, Theo-
rem 4.13].

Theorem 24. Consider system (1) on an interval I C R. Suppose that R? is endowed with the standard Eu-
clideannormand | ={t_,ty+} C I. Let 65 < --- < &1 denote the singular values of ® (t4,t_). Then

1 1
21(A) = Zrmg e t1(A) = {t logéy, ..., ; IOgSn}-
.

_ Lt

Proof. Let A :={io,...,in}, io <+ < in, be the set of all indices j € {0,...,d} satisfying 1) (J) <
2@=9(]). According to Proposition 23, we obtain that

A={0,dn,dn+dp_1,....dn+ - +di},

which together with Theorem 10 implies that

£5(A) = [2@ 70 U 40 70y g @0 T0)]

= ! log$ ! log$
- t+—t7 gl"..7t+_t7 gn 9

where we omitted the dependency of the extremal growth rates on J for simplicity. On the other
hand, using the fact that

o (M"M) = {8?: §is a singular value of M}
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and (21) we have

1 1
ZFTLE ¢t 1(A) = {ﬁ logéy, ..., T 10g3n},
+ =t + =t

which completes the proof. O
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